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Example 1: Find the differential equation of the family
of curves y = Ae* + Be™

Sol: By differentiating the given equation twice, we will
get the result.
dy

—£ = Ae* —Be™*
dx

2
= ay =Ae*+ Be* =y

Example 2: Find differential equation of the family of
curves y = c(x — c)?, where c is an arbitrary constant.

Sol: By differentiating the given family of curves and
then eliminating ¢ we will get the required differential
equation.

y = c{x—c)?

= ‘d_y =2(x-c)c
dx

By division, 2 > £ dy§ -
2y
ar c=X- dy / dx

Eliminating c, we get

d 2
[—V] = 4C(x - O)* = 4cy
dx

2y
=4y 4 -
Y y{x dy/dx}

3
dy dy
b A [ 2 _2
&) o]

Example 3: Find the differential equation of all
parabolas which have their vertex at (a, b) and where
the axis is parallel to x-axis.

Sol: Equation of parabola having vertex at (a, b) and
axis is parallel to x-axis is (y — b)* = 4L(x — a) where L is
a parameter. Hence by differentiating and eliminating L
we will get required differential equation.

dy
- _ = 4L
2y -b) dx

On eliminating L, we get

dy-yd _
(y~-b* = 2y~ b) %ﬂi[tan ‘X] x-2)
X“+y X
Differential equation is,

dy
20x—a) =L =y-b.
(x a)dx y

Example 4: Show that the function y = be* + ce* is a
solution of the differential equation.

dy _,dy

—2-3—2L +2y=0

dx? dx y

Sol: Differentiating given equation twice we can obtain
the required differential equation.

y = be* + ce®

dy
= —L=Dhe*+ 2ce®* =y + ce™
dx y
2
= dy =be* + 4ce* = y + 3ce™
dx?

2
= d—)"-3':’—}"+2y =0
dx?  dx

9y, 1y | 0

Vv1-x?

Sol: By separating x and y term and integrating both
sides we can solve it.

Example 5: Solve:

dy __ dx
i

=sinly =-sin'x + ¢ or sin'y +sin'x =c¢

Example 6: Find the equation of the curve that passes
through the point P(1, 2) and satisfies the differential
equation

jf(x)dx+c =

-2xy |
x2 +1.

y>0

Sol: By integrating both sides we will get general
equation of curve and then by substituting paint (1, 2)
in that we will get value of constant part.

& 2y o ([ g
dx  x?41 y X2 +1

= logly| = -log(x® + 1) + logc,
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= log(ly] (x* + 1)) = logc,
= e+ =g,

As point P(1, 2) lies on it,
21+ 1) =cjorc,=4

Curveisy(x*+ 1) =4

d X—y)+3
Example 7: Solve: b A %
dx  2(x-y)+5
Sol: By putting x —y = t and integrating both sides we
will obtain result.

dy dt
Putx -y =t; then, 1 - —
utx—y =t; then, dx dx
Differential equation becomes
_dy t+3 of 2_1_ t+3  t+2
dx  2t+5 dx 2t+5 2t+5
2t +5 dt
de j =2t+ Im

= x+c=2t+logt+2| =2(x-y) + log|x—y + 2)|

Example 8: x’dy + y(x + y)dx = 0:xy > 0
Sol: We can write the given equation as

3
ay ) _ a9 oy | o dy
(dx] ’4"["dx 2”]“ dx

and then by substituting y = vx and integrating we will

get required general equation.

d— Y[ y) (Puty = vx)
dx
:>v+xﬂ =-v(1+V)
dx
dv dv dx
= — ==2v-Vv¢*  or =|—
dx Jv(v+2) -[x
_rax _1f1__1
x 23v v+2
2
= -log|x| =%—32—i+ 2y =0 (loglv| - log|v+2| + ¢,
Yy .
or | 2x2=c or X — =cor yxz =c
+ %+2 y+2x

d d
Example 9: Solve: E{-+ secx=tanx:0 <x < E%

Sol:The given equation is in the form of d—:+px= q

hence by using integration factor method we can solve it.
F=22% _dy__ 2y

x?=1 dx  y?41
= secx + tanx

Solution is y(secx + tanx)

= jtan x(secx + tan)dx

= Isecxtanxdx + I(sec"- x-l]dx

=secx + tanx—x + C

or (y— 1) (secx + tanx) = c—x

Example 10: Solve:

sinx.cosy.dx + cosx.siny.dy = 0

given,y = % when x = 0.

Sol: Here by separating variables and taking integration
we will get the general equation and then using the
given values of x and y we will get value of constant c.

We have,
sinx.cosy.dx + cosx.siny.dy = 0
On separating the variables, we get
L&
dx
Integrating both sides, we get

Jsmxd ISII"‘IYd -0
COsX cosy

[Dividing by cosx cosy], we get

= log|secx| + log|secy| = logC
= log|secx] |secy| = logC
= secx.secy = C o (i)

On putting y = -:—;- x = 0in (i),

n
we have C = secD.secZ

=c). (v2) = V2

Substituting the value of C in (i) we get

secx. L=J§ = COosy = —]-—S'ECK

cosy 2
1
=y = cos’ [—J_z—sec x]
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Example 11: Solve the differential equation
dy

Fi x’e™, given that y =0 for x =0.
X

Sol: Similar to the problem above we can solve it.

Here, dy =x%eV e (1)
dx

On separating the variables, we have
= e¥dy=xdx

Integrating both sides, we get
je“ = J’xzdx

= ﬁ = ﬁ+ C (i1)
3 - 3 -----
putting: y = 0 for x = 0, in (ji), we obtain

e’ 1

—=0+C=>==C [e*=1]
3 3

On substituting the value of Cin (ii), we get
e =x1+1

which is the required particular solution of (i)

Example 12: Solve the following differential equation:
dy
2y, —2xy+y’ =0

Sol: Here by rearranging the given equation we will

loglsecx + tanx)

get e = [tanx(secx+tanx)dx. Now by

substituting y = vx and then integrating we can solve
the illustration above.

dy

2L _ -
2% i =2y -y
d 2xy — y? )
& Y 0
dx 2x?
dy dv .
Put y = vx so that a—v+xa in (i), we get
2 - 2
Ly A 2x(w)-(w)
dx 2;2
2
= v+xﬂ=v—v—
dx 2
xdv -2 dv dx
—_—— =
dx 2 ve 2x

Integrating, we have

1.1 |logx| + ¢
4 4

viatnemartics
=X =1 [logx| + ¢
y 2

Example 13: Solve the following differential equation
dy

cos’X—=+y = tanx
dx Y

Sol: Here by reducing the given equation in the form of

d—y+py= g and then using integration factor we will

dx
get the result.

We have, coszxgz- +y = tanx
X

d
= d—y + ysec’x = tanx.secx
X

Iseczx = etanl

IlF.=e
y{lF) = [Q(IF)dx+c

ye = [tanxsec’ xe®™dx = [te'dt

. X tanx =t
te -Iedt+c 5
sec” xdx = dt

=tet-e'+C
=tan x e"™—e"™ + C

y = tanx—1 4 ce™™

Example 14: Solve xg—y —y=x2
X

Sol: As similar to the problem above, we can reduce the
. . d s .
given equation as d—ytherefore by using integration

4

factor we can solve this.

We have, xgi—y=x2
dx
= d—y—l);:)( (I]
dx x

This is a linear differential equation in y
2

2%y —
Here, P = - x; zy and Q = x
X
1
—d
Now, LF. = eIpth = e‘J X
= p o = ebg_l =y'= l
X

~. The solution of (i) is
y(.F) = [(QxIF)dx+C =x+C

= y=x+
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Example 15: Solve the following differential equation:

dv .
— +y = COSX — Sinx.
dx

Sol: Here given equation is in the form of %i-'+ Py=Q,

where P = 1 and Q = cosx - sinx hence by using
integration factor we will get result.

Given differential equation is
dy . 2
—L +y = COSX — Sinx N (
ax Y 0]
The given differential equation is a linear differential
equation
. ., dy
On comparing with ™ +Py=0Q
X
P=1,Q = cosx—sinx
.= elP*=
.~ required solution of (i) is
y (LF) = [Q(IF)dx+c
o ye'= f(cosx —sinx)e*dx +c
o ye'= j'cosxe"dx - Isin xe*dx +c¢
Integrating by parts, we get
= y.e* = CosX je"dx—_{(—sinx]e"dx - Iseczxdxﬂ:
= ye* = e'cosx + [e*sinxdx - [e*sinxdx+ c

y.er = e"cosx + C
y = COsx + ce™

Example 1: Solve

(xe"" ysmy]dx +xsin ydy =0; x>0

Sol: Simply by putting y = vx and integrating we can
solve the problem above.

(v

Lex “Yen| 4 sin yi;y =0
X X xdx

Puty = vx

- (ev—wvsinv) + sinv [v+xg—J =0

= J%+je“’ sinvdv =0

Integrating, we get

1 .
logx - 3 eV (sinv + cosv) = C

orlogx =c+ le‘!""". (sinz-tlcoszJ
2 X X

Example 2: Solve:

xdy — ydx = xy3(1 + logx)dx

Sol: We can reduce the given equation in the form of

- id[i) = x¥(1 + logx)dx. Hence by integrating L.H.S.
y

y
with respect to X and RHS. with respect to x we will
y

get the solution.

_ ydx—xdy

yl

or-d[?) = xy (1 + logx)dx

= xy(1 + logx)dx

or- id[i] = x¥(1 + logx)dx
y \y

x [ x
Integrating, —I —d[—)
y Yy

= Ixz (1+logx)dx

2
or - —[?J = (1 + logx) -——_[— “dx

3

2 3
-1{x X X
— | — =1 I — e —
2{3{] (+ogx)3 9+c

Example 3: Find the equation of the curve passing
through (1, 2) whose differential equation is

ylx + yl)dx = x(y? — x)dy

Sol: Similar to example 2 we can solve the problem
above by reducing the given equation as -

YqlY 1

(xy + y)dx = (xy? — x?)dy
or y¥ydx — xdy) + x(ydx + xdy) = 0

xdy ydx

or -2y +xd(xy) =0
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Integrating, we get

Jify) o1,
20x) xy

ory’ +2x-2cxy =0
As it passes through (1, 2), condition is

8+2+4c=0:>c=—%

Thus curve isy? + 2x—5xy = 0

Example 4: Form the differential equation representing
the family of curves y = Acos2x + Bsin2x, where A and
B are arbitrary constants.

Sol: Here we have two arbitrary constants hence we
have to differentiate the given equation twice.

The given equation is:
y = Acos2x + Bsin2x (i)
Diff. w.rt. x,

d_y = —2Asin2x + 2Bcos2x
X

Again diff. w.rt. x, 3 32" —4Acos2x — 4Bsin2x
X

= —4(Acos2x + BsinZx) = [Using (i)]

Hence ﬁ + 4y = 0, which is the required differential
dx?

equation.

Example 5: The solution of the differential equation x
d’y dy
——‘I iven that —‘l——thenx—‘l is
dx2 g y dx

2

dy

Sol: By integrating xd—x2 = 1 twice we will get its

general equation and then by substituting given values

dy

of x, y and d—we will get the values of the constants.
X

2 2
dy ;. 9y _1
dx? dx? X

= d—y=|ogx+C

dx

Again integrating
y =xlogx-=x+ Cx +C,

viatnemartics

Giveny = 1an =0atx=1

dy
dx
=>C =0and(C,=2

Therefore, the required solution isy = x logx-x + 2

Example 6: By the elimination of the constant h and k,
find the differential equation of which (x-h)>+(y-k)?=a2,
is a solution.

Sol: Three relations are necessary to eliminate two
constants. Thus, besides the given relation we require
two more and they will be obtained by differentiating
the given relation twice successively.

Thus we have

(x=h) + (y=K) d—”=0 . (i)
2
14—k —_+[ng =0 o (i)
From (i) and (ii), we obtained
2
1+[d—yJ
k= AOX)
’ dy
dx?
2
dy| |dy
[1+(de ]dx
X—- =
dzy
dx?

Substitute these values in the given relation, we
obtained

which is the required differential equation.

Example 7: Forri the differential equations by elimi-
nating the constant(s) in the following problems.

@x -y =cx+y)>, (b)aly+a)?=x
Sol: Given equations have one arbitrary constant,

hence by differentiating once and eliminating ¢ and a
we will get the required differential equation.

(a) The given equation contains one constant
Differentiating the equation once, we get
2x = 2yy' = 2¢(x® + y?) (2x + 2yy')
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Butc= X

(xz +y? )2

Substituting for ¢, we get

o (2PN
(¢ +y?)

or (2 +y?) (x —yy') = 20— y?)(x+yy’)

=y + y) + 202 - y2)]

= x(x? + y2)-2x(x* — y?)

= w3 -y = x(3y* -

x(3y2 - xz)

(b) The given equation contains only one constant.
Differentiating once, we get

2(x +yy')

Hence, y' =

2a(y + aly’ = 3x? - ()
Multiplying by y + a, we get

2a(y + a)y' = 3x3(y + a)

Using the given equation, we obtain

2x%y' =3x}y+a) or 2xy' =3y+3a

or i (2xy" - 3y)
3
Substituting the value of a in (i) we obtain

% (2xy" - 3y) [y + %[22}; —3yl]y' = 3x2

2 .
B (2xy'-3y)(2xy')y" = 3x?

Cancelling x, we obtain
8x(y)! — 12y(y'): - 27x = 0

Example 8: Ify(x y)? = x, then show that

dx
———=— log[x-y)*-1
I(x_sy) > loghey)* = 1]
Sol: As given y(x — y)* = x, therefore by differentiating

it with respect to x we will get the value of g—y After
X

_dx 1
(x- 3y] 2
log[x-y)? — 1] w.rt. x and then by substituting the value

fﬂ e can prove it
o O w p .

that differentiate both sides of equation J

Let P= j L ogiey 1)

3]2

dx
" I(“-3)0
P 1
dx_(x—3y)

Also P = %Iog{{x—y)2 -1)

e R
"k [(x_y] —l]

Given y(x —y)* = x

w (i)

.. (ii)

Differentiating both sides w.r.t. x

) dy 1- 2y(x y]
Cdx o (x-y)(x-3y)
From (ii) and (iii)
dp _ (x=y){1-(1-2y(x—y)/ (- y)ix=3y))}
dx {(x—y}z—l}

< (i)

_ (x—y)l(x—3y)—1+2y(x—y)

(x —By]{(x—yzl—l}

I
(x-3y){(x-y)" -1}
P 1

= a_(x—By)

It is true from (i)

Hence [ -3 y)=~§fn[(x—y) —1]

Example 9: Solve: cos(x + y)dy = dx

Sol: Simply by putting x + y = t we can reduce the given
equation as j—t = sect + 1 and then by separating the
X

variable and integrating we can solve the prablem
given above.

We have cos(x + y)dy = dx

= EX = sec(x +y)
dx
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Onputtingx+y=tsothat1+ﬂ=ﬂ
dx dx
dy dt
or ————1 we get
dx dx 9
dt
— 1=
e sec
dt
= Pl 1 + sect
dt =dx = cost dt = dx
1+sect cost+1
.[ cost Idx
cost+1

:I{ ] dt=x+C

cost+1

[l1-— 1 dt=x+C
2cos(t/2)-1+1

j l—lsec21 dt =x+C
2 2

t
:t—tani =x+C

z:z+y—temm =x+C
2
X+y
—tan—= =C
d 2

d
Example 10: Solve: sin™! (d%} =X+Yy

Sol: Similar to example 9.

d
We have, sin™’ [d_ij =x+y> j—i = sin(x +y)

Putting x + y = t, so that

dy_dt _dy_dt

1+ = =
dx dx dx dx

d
Now, substituting x + y = t and d—i@%—l in (i),
we get
E=sint:>£=sint+'l::rdx= dt,
dx dx 1+sint
Integrating both sides, we get
jdx _j dt+c
1+sin’t
_[d"‘_[ 1-sint dt +C= jl_s'ntdt
1-sin’t cos’t

viatnemartics

= _[dx = I(sacz t- tantsect)dt

= X = tant — sect

S>x=tan(x +y)-sec(x +y) + C

Example 11: Solve the equation:

dy Y +>(5II"IX

dx  x X

Sol: Simply by putting y = vx and integrating we
can obtain the general equation of given differential
equation.

We have,

dy Y L4 xsmi (i)
dx

Puty = vx, so that

dy _ dv

dx T dx

On putting the value of y and j_}’ in (i), we get
X
dv .
V+X = =V+Xxsinv
dx

dv dv
X— = —= sinv

dx
Separating the variab?es, we get

N e Icosecv dv = J'dx
sinv

= log tan% =x+C .. (i)
On putting the value of vin (ii), we have

y

logtan — =x+ C
9 2x

This is the required solution

Example 12: Solve:

Zye;dx + [y - 2xe;] dy =0

, . dy _2xe*/Y
Sol: We can reduce the given equation as ko) A

dx 2yexly
and then by putting x = vy and integrating we can

obtain general equation.

We have,

2ye;dx +[y —2xe;]dx =0
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~ | =

idx
= 2ye¥ —+|y-2xe
Y dy {Y X

J:o

Clearly, the given differential equationis a homogeneous
differential equation. As the right hand side of (i) is

dy _ 2xe*Y
dx  2ye™/y

- (i)

expressible as a function of [i] . So, we put

ﬂ =v=x=vyand E
dx vy d
:w+yd—"r in (i), we get
dy
dv 2ve' -1
V+y — =
dy 2e"
d_v= 2ve' -1
d 2eY
- y»d—v=— 1
dy 2"

= 2ye'dv=-dy
= 2e'dv = - ldy ,y=20
y

Integrating both sides, we get
ZI e'dv= —J%dy + logc

= 2e'=-logly| + logc

= 2e'=log

4 (v=3)

Example 13: Show that the family of curves for which
the slope of the tangent at any point (x, y) on it is

X
= 2¢eY=log

2,2

x21yy . is given by x* - y* = cx

Sol: Here by reading the above problem, we get that
2

dl:éj—. Hence by putting y = wvx and then

dx 2xy

integrating both sides we can prove the given equation.
We have slope of the tangent

_x2+y2 d_){_><2+y2
- 2xy dx 2xy

y2

1+—
dy x> .
or —=—" o (1)
dx 2y
X
Equation (i) is a homogeneous differential equation.

dy dv
S ty=wvxand —=v+—
GWE PRy =W dx dx

Substituting the value of Y and 3—)' in equation (i), we
X

X
get

dv _ 1+ v
dx 2v
dv 1-v2 s
or xa = v .. (i)

Separating the variables in equation (ii), we get

2v dv:d—xor 2v

dv——d—x
1-v?2 X -

vi-1 X

.. (iii)

Integrating both sides of equation (iii), we get

2 1
Ivz ildv= —I;dx

or log|v?—1| =-log|x] + log|C||

or log|(v* = 1)(x)| = log|C| .. (i)

Replacing v by % in equation (iv), we get [ﬁz—l}
X
x=zC,

or (y*—x%) = #Cx or ¥’ —y* = Cx

Example 14: Solve: gy = X+2y-3
dx 2x+y-3

Sol: Simply by puttingx = X + h;y =Y + k were (h, k) will
satisfy the equations x + 2y —3 =0 and 2x + y—3 =0 we
can solve the problem.

dy _x+2y-3
dx 2x+y-3
Putx=X+hy=Y+k
= dx =dX;dy =dY
dy _dv
dx dX
Given equation reduces to
dy (x+h)+2(Y+k)-3  X+2¥+(h+2%k-3)
a_z(x+h)+(\’+k)—3 T 2X+Y+(2h+k-3)

we (1)
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Choose h and k such that
h+2k-3=0;and2h+k-3=0
= h=1;k=1

Equation (i) becomes

£=X+2Y
dxX 2X+Y

Put: Y =VX

= d—Y=V+Xd—V
dX dX

Now equation (ii) becomes:

dV _ X+2VX _1+2V

VAEX X T 2XaVX - 24V

_y2
dv_142v_,, _1-V

X—= =
=X 24V 2+V
Separating the variables, we have
2+V 4V = dX
1-V? X
Integrating, we get
2 \ dX
dV+ dv=|—
J‘1-v3 Jl-v’* X

1 1+V 1 2, _
= 2'2|091—V 2Iog[1 V) = logX + logc
= 2log | 2V _1og(1 - v3)= 2logex

g \1-V g g

1-v) 1-\?

2
:{1+v) x( 1 - (X

2
= log l[-l—t!} x 1 } = log(cX)?

1-v 1-v2)
1+V
(1—v)3 =c?x?

Putting the value of V in (iii), we have
X+Y

x? = 2x?
(x-)’

... (ii)

... (iii)

- (iv)

viatnemartics

Substituting the value of X and Y in (iv), we get

X"‘Y—f:(z
(x-v)
["X=x-h=x-1Y=y-1]

Example 15: Solve the following differential equation:

Sol: First reduce this into the form of g_y+ Py=Q and
X

. . . . P
then using the integration factor i.e. eJ * we can solve

this.
2

x2 -1

dy
Wh , 2_1 —— 2 -
e have, (x }dx+ xy

dy  2x 2

= —+ =
dx xz—ly (x? =1)?

This is a linear differential equation in y.
2 2
= .Q= _
1 (e
Iz—xd:
].F. = E{Fdx =g x2—1 = elagtxz-:u = xZ_ -l

Here, P =

.. The solution of (i) is

y(lF) = [(QxLF)dx+C

Y2 —1) = j(x2-1).( 22 ; dx+C
x° -1

= ZI—dl J(+C
xt -1

1

X“lic
X+1

1
= 2=lo
3 g

= y-1)=log +C

X —
X+

= y= (le_J[|og}:j|+c]
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